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The holographic charged fluid with anomalous current in Einstein-Maxwell gravity has
been generalized from the infinite boundary to the finite cutoff surface by using the grav-
ity/fluid correspondence. After perturbing the boosted Reissner-Nordstrom (RN)-AdS black
brane solution of the Einstein-Maxwell gravity with the Chern-Simons term, we obtain the
first order perturbative gravitational and Maxwell solutions, and calculate the stress tensor
and charged current of the dual fluid at finite cutoff surfaces which contains undetermined
parameters after demanding regularity condition at the future horizon. We adopt the Dirich-
let boundary condition and impose the Landau frame to fix these parameters, finally obtain
the dependence of transport coefficients in the dual stress tensor and charged current on the
arbitrary radical cutoff rc. We find that the dual fluid is not conformal, but it has vanishing
bulk viscosity, and the shear viscosity to entropy density ratio is universally 1/4π. Other
transport coefficients of the dual current turns out to be cutoff-dependent. In particular, the
chiral vortical conductivity expressed in terms of thermodynamic quantities takes the same
form as that of the dual fluid at the asymptotic AdS boundary, and the chiral magnetic
conductivity receives a cutoff-dependent correction which vanishes at the infinite boundary.
PACS number: 11.25.Tq, 04.65.+e, 04.70.Dy
2I. INTRODUCTION
The AdS/CFT correspondence [1–4] provides a remarkable connection between a gravitational
theory and a quantum field theory. According to the correspondence, the gravitational theory in
an asymptotically AdS spacetime can be formulated in terms of a quantum field theory on its
boundary. In particular, the dynamics of a classical gravitational theory in the bulk is mapped to
a strongly coupled quantum field theory on the boundary. Therefore, AdS/CFT provides a useful
tool and some insights to investigate the strongly coupled field theory from the dual classical
gravitational theory [5, 6].
The gravity/fluid correspondence can be considered as the long wave-length limit of the
AdS/CFT correspondence, since the hydrodynamics is an effective description of an interacting
quantum field theory in the long wave-length limit, i.e. when the length scales under consideration
are much larger than the correlation length of the quantum field theory. The big advantage of the
gravity/fluid correspondence in [7] is that it provides a systematic way to map the boundary fluid
to the bulk gravity, since it can construct the stress-energy tensor of the fluid order by order in
a derivative expansion from the bulk gravity solution, and the shear viscosity η and entropy den-
sity s can be calculated from the first order stress-energy tensor [8–14]. Besides the stress-energy
tensor, this correspondence can also construct the dual conserved charged current if the Maxwell
field is introduced in the bulk gravity, The thermal conductivity and electrical conductivity of
the boundary fluid can be extracted from the conserved charged current [8–10]. Furthermore, it
has been shown that the chiral magnetic effect (CME) and the chiral vortical effect (CVE) can
be brought into the hydrodynamics after adding the Chern-Simons term of Maxwell field in the
action [11, 12, 15–17]. The effect of Chern-Simons term was first discussed in three dimensions
where the Maxwell theory becomes massive due to the introduction of the Chern-Simons term [18].
In addition, the Chern-Simons term can also affect the phase transition of Holographic Supercon-
ductors in four dimensions [19] and stability of the Reissner-Nordstrom (RN) black holes in AdS
space in five dimension [20].
Usually, the dual field theory in AdS/CFT correspondence resides in the boundary with infinite
radial coordinate. According to the renormalization group (RG) viewpoint, the radial direction of
the bulk spacetime corresponds to energy scale of the dual field theory [21–23]. The energy scale
on the infinite boundary is the UV fixed point value, hence it can not be reached by experiments.
Recently, many works have been devoted to discuss the dual physics at the finite cutoff surface, and
the RG flow was investigated in several approaches, such as holographic Wilsonian renormalization
3group [24, 25] and sliding membrane [26, 27], and it has been found that those apparently different
approaches are actually equivalent [28]. The physics at finite cutoff surface r = rc which implies
finite energy scale becomes important, and the dependence of transport coefficient of dual fluid on
the cutoff surface rc is usually interpreted as the corresponding renormalization group (RG) flow.
On the other hand, it was shown in [27, 29, 30] that a given solution of the incompressible Navier-
Stokes(NS) equations could be mapped to a unique solution of the vacuum Einstein equations.
The non-relativistic fluid could live on the cutoff surface r = rc in Rindler space-time implies a
deep relationship between the fluid and gravity. Using the Dirichlet boundary condition at the
boundary and regularity at the future horizon, this relation is generalized to the non-relativistic
fluid dual to asymptotically AdS gravity at a finite cutoff surface [31, 32]. The relativistic fluid can
also be investigated on the cutoff surface [33, 34], and interestingly, the holographic cutoff fluid in
the asymptotically AdS gravity can be re-expressed as an emergent hypersurface fluid which is non-
conformal but has the same value of the shear viscosity as the infinity boundary fluid. Imposing
Dirichlet-type boundary conditions on the hypersurface amounts to a constructive definition of
the hypersurface theory, whose underlying physics is yet to be understood. The RG flow of the
fluid takes the form of field redefinitions of the boundary hydrodynamic variables [33], which is
different from the usual Holographic RG approach that fixing observables at the infinity boundary
and writing down a bulk-to-cutoff map that preserves those observables.
In this paper, by following the spirit of the gravity/fluid correspondence [27, 31, 33]. We
investigate the holographic charged fluid at the finite cutoff surface in asymptotically AdS gravity,
which contains the Chern-Simons term of the Maxwell field in the bulk. Like the infinite boundary
case [8], after perturbating the boosted RN-AdS black brane solution of the Einstein-Maxwell
gravity, we obtain the first order perturbative gravitational and Maxwell solutions, and calculate
the stress-energy tensor and charged current of the dual fluid to first order on the finite cutoff
surface. We find that they contain undetermined parameters related to the boundary conditions
and gauge conditions, and we explicitly express the dependence of the dual stress tensor and
charged current on these parameters. A little difference from the case with infinite boundary, here
we adopt the Dirichlet boundary condition and Landau frame to fix these parameters.
The dual fluid on the hypersurface is found to be non-conformal but has vanishing bulk viscosity,
and the sheer viscosity takes the same value as boundary fluid. The familiar thermodynamic
relation still holds for arbitrary cutoffs. These results are consistent with previous results of [33].
We also obtain the chiral vortical conductivity and chiral magnetic conductivity for the dual fluid
on the hypersurface. The former is the same as that found in [11], but the later receives a cutoff
4dependent correction
δσ˜B = − c gQ
r2c
√
3f(rc)
, (1.1)
where c is the anomaly coefficient, f(rc) = 1 − 2M4r4c +
Q2
r6c
, Q and M are the charge and mass of
RN-AdS black brane and related to temperature and chemical potential of the dual fluid, see [11]
for explicit relations.
In order to understand this correction, let’s first recall that in the quantum field theory with
anomalies [39], the consistent current is defined to be the variation of the generating functional
with respect to the gauge field. It is gauge covariant up to an additive gauge non-covariant term
known as the Bardeen-Zumino (BZ) polynomial. One may subtract the BZ polynomial from the
consistent current and obtain the gauge-covariant current. The consistent current arises more
naturally in the context of AdS/CFT correspondence, defined as
J˜µ = r4c
1√−γ
δScl
δA˜µ
= Jµ + δJ˜µ , (1.2)
where Jµ is the covariant current which produces the same chircal magnetic conductivity as that
of ref. [11] and δJ˜µ is the Bardeen-Zumino polynomial
PµBZ = δJ˜
µ =
c
6
ǫµνρλA˜νF˜ρλ, (1.3)
which comes from the variation of the Chern-Simons term in the AdS/CFT context. For vanishing
background field, this term doesn’t contribute. However, the hypersurface theory naturally endows
with a background field
A˜µ = g
√
3Q
r2c
√
f(rc)
uµ, (1.4)
which eventually gives rise to the correction in chiral magnetic conductivity. In particular, we
should note that A˜µ is not a constant field since Q and M are both local functions of cutoff surface
coordinates xµ. A similar situation for the boundary fluid where the correction arises from a
constant background field has been discussed in [17].
The rest of the paper is organized as follows. In Sec. II, we present a quick review of basics of
hydrodynamics with anomalies. In Sec. III we briefly review some properties of the RN black brane
solution. In Sec. IV, we construct the perturbative solution to the first order. In Sec. V, we extract
the dual stress-energy tensor and the conserved current from this first order perturbation solution.
In Sec. VI, we use the Dirichlet boundary condition and Landau frame to fix the undetermined
parameters, and obtain the dependence of transport coefficients on the radial cutoff rc. Sec. VII is
devoted to the conclusion and discussion.
5II. HYDRODYNAMICS WITH ANOMALIES
Any interacting quantum field theory admits a low energy effective description in terms of fluid
dynamics. All the physical information of fluid is contained in the stress tensor τµν and charge
currents JµI , where I enumerates all the conserved charges in the system. They can be constructed
order by order in the derivative expansion. In a (3+1)-dimensional hydrodynamics with triangle
anomalies, in the presence of an external field, the energy-momentum tensor and charged current
satisfy [11]
∂µτ
µν = F νµJµ, ∂µJ
µ = cEµBµ. (2.1)
Note that the charge current is gauge covariant here. For a relativistic fluid, the heat transfer
inevitably involves mass or momentum transfer, therefore the definition of fluid velocity field uµ
needs a careful consideration. It’s conventional to introduce the Landau frame uµτ
µν = −ρuν and
uµJ
µ = −n to fix this ambiguity. In this frame, the most general form of constitutive relations up
to the first order gradient expansion are
τµν = ρuµuν + pPµν − 2ησµν − ζθPµν, (2.2)
Jµ = nuµ + νµ, (2.3)
νµ = −κPµν∂ν(µ
T
) + σEE
µ + σBB
µ + ξωµ, (2.4)
where Pµν = gµν + uµuν and the first-order gradient expansion tensors are expressed as
σµν =
1
2
PµαP νβ (∂αuβ + ∂βuα − θPαβ) , θ = ∂µuµ, (2.5)
Eµ = Fµνuν , B
µ =
1
2
ǫµναβuνFαβ, ω
µ =
1
2
ǫµναβuν∂αuβ. (2.6)
In the case of conformal fluid, stress tensor has to be traceless, which requires the energy density
ρ = 3p where p is pressure, and the bulk viscosity ζ has to vanish.
Another important concept is the entropy current which takes following form
sµ = suµ − µ
T
νµ +Dωµ +DBB
µ (2.7)
in the hydrodynamics with anomalies. The physical requirement for entropy current is ∂µs
µ ≥ 0
which guarantees local entropy production and is consistent with second thermodynamics law.
This basically reflects the generic fact that the system starting an non-equilibrium state evolves
towards an equilibrium state. With this physical requirement, imposing Landau frame and using
6the thermodynamic relation ρ + p = Ts + nµ, the chiral magnetic conductivity σB and chiral
vortical conductivity ξ can be fixed in term of anomaly coefficient c and thermodynamic quantities
σB = c
(
µ− 1
2
nµ2
ρ+ p
)
, ξ = c
(
µ2 − 2
3
nµ3
ρ+ p
)
. (2.8)
One can also obtain the same results from certain generic properties of equilibrium partition func-
tion, see [35].
III. ACTION AND BLACK BRANE SOLUTION
The action of the 5-dimensional Einstein-Maxwell gravity with Chern-Simons term can be
S =
1
16πGN
∫
M
d5x
√−g(5) (R− 2Λ)
− 1
4g2
∫
M
d5x
√−g(5)(F 2 + 4κcs3 ǫLABCDALFABFCD), (3.1)
and the equations of motion are
RAB − 1
2
RgAB + ΛgAB − 1
2g2
(
FACFB
C − 1
4
gABF
2
)
= 0 , (3.2)
∇BFBA − κcsǫABCDEFBCFDE = 0,
where Λ = −6/ℓ2, we set 16πGN = 1 and ℓ = 1 for later convenience. In our paper, the black brane
solution we are interested in is the 5-dimensional charged RN-AdS black brane solution [36–38]
ds2 = −r2f(r)dt2 + dr
2
r2f(r)
+ r2(dx2 + dy2 + dz2), (3.3)
where
f(r) = 1− 2M
r4
+
Q2
r6
, F = −g2
√
3Q
r3
dt ∧ dr. (3.4)
Note that, the above RN-AdS black brane solution (3.3) is still the solution of (3.2), although the
Chern-Simons term affects the Maxwell equation. From (3.3), we can easily find that the outer
horizon of the black brane is located at r = r+, where r+ is the largest root of f(r) = 0, and its
Hawking temperature and entropy density are
T+ =
(r2f(r))′
4π
|r=r+ =
1
2πr3+
(4M − 3Q
2
r2+
), (3.5)
s =
r3+
4GN
. (3.6)
7In addition, this black brane solution (3.3) rewritten in the Eddington-Finkelstin coordinate system
is
ds2 = −r2f(r)dv2 + 2dvdr + r2(dx2 + dy2 + dz2), (3.7)
F = −g2
√
3Q
r3
dv ∧ dr.
where v = t+ r∗ and r∗ is the tortoise coordinate related to radial coordinate r by dr∗ = dr/(r2f).
The coordinate singularity is avoided in this coordinate system.
Note that, since we will consider the holographic charged fluid at some cutoff hypersurface
r = rc (here rc is a constant), thus we can first make a coordinate transformation v → v/
√
f(rc)
on the above solution (3.7) before the boost transformation. The motivation of this coordinate
transformation is to make the induced metric on the cutoff surface explicitly conformal to flat
metric ds2 = r2c (−dv2 + dx2 + dy2 + dz2). It should be emphasized that the Hawking temperature
in this new coordinates system is T = T+/
√
f(rc), and the RN-AdS black brane solution in the
new coordinates system is
ds2 = −r
2f(r)
f(rc)
dv2 +
2√
f(rc)
dvdr + r2(dx2 + dy2 + dz2), (3.8)
F = −g 2
√
3Q
r3
√
f(rc)
dv ∧ dr.
We boost the RN-AdS black brane solution to acquire nonzero velocities
ds2 = −r
2f(r)
f(rc)
(uµdx
µ)2 − 2√
f(rc)
uµdx
µdr + r2Pµνdx
µdxν , (3.9)
A =
√
3gQ
r2
√
f(rc)
uµdx
µ, (3.10)
with
uv =
1√
1− β2i
, ui =
βi√
1− β2i
, Pµν = ηµν + uµuν , (3.11)
where velocities βi, M and Q are constants, xµ = (v, xi) are the cutoff surface coordinates, Pµν
is the projector onto spatial directions, and the indices in the boundary are raised and lowered
with the Minkowski metric ηµν = diag{−,+,+,+}. Note that (3.10) naturally gives rise to a
background field for the dual fluid on cutoff surfaces. Unlike the boundary fluid case, an additional
non-dynamical external field is not needed to obtain the electric conductivity and chiral magnetic
conductivity.
8IV. THE FIRST ORDER PERTURBATIVE SOLUTION
In this section, we will consider the region between the outer horizon and cutoff surface
r+ ≤ r ≤ rc, and then perturb the boosted black brane (3.9) to make its velocity and tem-
perature nonuniform. Therefore, we can extract the transport coefficients of the dual fluid from
this perturbative solution via the Gravity/Fluid correspondence. According to the Gravity/Fluid
correspondence, the perturbation is proceeded in the following. Firstly, we promote the above
constant parameters βi, M , Q to be slowly-varying functions of the cutoff boundary coordinates
xµ = (v, xi). Therefore, the metric (3.9) and Maxwell field (3.10) will no longer be the solutions of
the equations of motion (3.2), and we need to add extra gravitational and Maxwell fields to make
the equations of motion satisfied again. Before discussing these extra fields in detail, we define the
following useful tensors
WIJ = RIJ + 4gIJ +
1
2g2
(
FIKF
K
J +
1
6
gIJF
2
)
, (4.1)
WA = ∇BFBA − κcsǫABCDEFBCFDE , (4.2)
where we use the convention ǫvxyzr = +
√−g. Obviously, when we take the parameters βi, M
and Q as functions of xµ in (3.9), WIJ and WA will be nonzero and can be proportional to the
derivatives of the parameters. Usually, these nonzero terms −WIJ and −WA are considered as the
source terms SIJ and SA. Therefore, the extra gravitational and Maxwell fields are added into (3.9)
and (3.10) such that they can deduce some correction terms to cancel the source terms and make
the equations of motion still satisfied. In this work, we only consider the first order perturbative
case. For this first order case, the parameters are expanded around xµ = 0 to the first order
βi = β
i(0) + ∂µβi|xµ=0xµ, M =M(0) + ∂µM |xµ=0xµ, Q = Q(0) + ∂µQ|xµ=0xµ. (4.3)
And we can assume βi(0) = 0 because it is always possible to choose coordinates to set uµ =
(1, 0, 0, 0) at any given point xµ [7]. After inserting the metric (3.9), (3.10) and (4.3) into WIJ
and WA, the nonzero −WIJ , −WA can be considered as the first order source terms S(1)IJ and S(1)A .
Therefore, after fixing some gauge (the ‘background field’ gauge in [7], G represents the perturbed
metric with corrections)
Grr = 0, Grµ ∝ uµ, T r((G(0))−1G(1)) = 0, (4.4)
9and considering the spatial SO(3) symmetry preserved in the background metric (3.7), the choice
for the first order extra gravitational and Maxwell fields around xµ = 0 can be
ds2(1) =
k(r)
r2
dv2 + 2
h(r)√
f(rc)
dvdr + 2
ji(r)
r2
dvdxi + r2
(
αij − 2
3
h(r)δij
)
dxidxj, (4.5)
A(1) = av(r)dv + ai(r)dx
i . (4.6)
Note that the gauge ar(r) = 0 has been chosen. Therefore, the first order perturbation so-
lution can be obtained from the vanishing WIJ = (effect from correction) − S(1)IJ and WA =
(effect from correction) − S(1)A . Here, the “effect from correction” means the correction to WIJ
and WA from (4.5) and (4.6).
For the first order gravitational equations, they are complicated which have been listed in the
appendix A. For the first order Maxwell equations, they are
Wv =
f(r)
r
{
r3av
′(r)− 4
√
3gQ√
f(rc)
h(r)
}′
− S(1)v (r) = 0 , (4.7)
Wr = − 1
r3
{
r3
√
f(rc)av
′(r)− 4
√
3gQh(r)
}′
− S(1)r (r) = 0 ,
Wi =
1
r
{
r3f(r)ai
′(r) +
2
√
3gQ
√
f(rc)
r4
ji(r)
}′
− S(1)i (r) = 0 ,
where
S(1)v (r) = −g
2
√
3
r3
(∂vQ+Q∂iβi) , (4.8)
S(1)r (r) = 0,
S
(1)
i (r) = g
(√
3Q∂vβi
r3
+
√
3Q∂iM
r3r4cf (rc)
+
√
3∂xQ
(−2M + r4c)
r3r4cf (rc)
)
− κcs 48g
2Q2
r6
√
f (rc)
ǫijk∂jβk ,
and prime means derivative with respect to r coordinate. Note that the cutoff effect has been
incorporated in these equations through their dependence on rc. In addition, from the above first
order gravitational and Maxwell equations, there are several interesting relations between these
equations
Wv +
r2f(r)√
f(rc)
Wr = 0 : S
(1)
v +
r2f(r)√
f(rc)
S(1)r = 0,
Wvv +
r2f(r)√
f(rc)
Wvr = 0 : S
(1)
vv +
r2f(r)√
f(rc)
S(1)vr = 0,
Wvi +
r2f(r)√
f(rc)
Wri = 0 : S
(1)
vi +
r2f(r)√
f(rc)
S
(1)
ri = 0, (4.9)
which can be considered as the constraint equations. In our paper, after using the first order source
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terms, we can further rewrite these constrain equations (4.9) as
∂vQ+Q∂iβi = 0, (4.10)
3∂vM + 4M∂iβi = 0,
∂iM + 4M∂vβi =
4M
(
Q∂iQ− r2c∂iM
)
f (rc) r6c
.
Later, we can see that there are some underlying physical interpretations for these equations, i.e.,
these equations are related to the conservation equations of the zeroth order stress-energy tensor
and conserved current.
Therefore, after adding the correction terms, the first-order metric expanded in boundary deriva-
tives around xµ = 0 can be explicitly given as
ds2 =
2√
f(rc)
dvdr − r
2
f(rc)
f(M0, Q0, r)dv
2 + r2dx2i −
r2
f(rc)
xµC1(r)∂µMdv
2 − 2xµ∂µβidxidr
− 2√
f(rc)
xµr2(1− f(M0, Q0, r))∂µβidxidv − r
2
f(rc)
xµC2(r)∂µQdv
2 +
k(r)
r2
dv2
+2
h(r)√
f(rc)
dvdr + 2
ji(r)
r2
dvdxi + 2r2
(
σij − 1
3
h(r)δij
)
dxidxj , (4.11)
where
f(M0, Q0, r) = f(M(x
µ), Q(xµ), r)|xµ=0, C1(r) = ∂f(M(x
µ), Q(xµ), r)
∂M
|xµ=0,
C2(r) =
∂f(M(xµ), Q(xµ), r)
∂Q
|xµ=0, σij = ∂(iβj) −
1
3
δij∂kβ
k. (4.12)
And the global first-order metric defined on the whole cutoff surface can be constructed by replacing
(4.11) in a covariant form, i.e., replacing ∂iβ
i as ∂λu
λ in (4.11) [7].
V. THE STRESS TENSOR AND CHARGED CURRENT
The information of the dual fluid like its stress tensor and charged current can be directly
extracted from the above global first-order perturbative solution. In addition, we can also first
extract the dual stress tensor and charged current from (4.11), and then rewrite the dual stress
tensor and charged current in a covariant form. Here we use the later calculation.
According to the Gravity/Fluid correspondence, the dual stress tensor τµν can be obtained
through the following relation [40]
√
−hhµν〈τνσ〉 = lim
r→rc
√−γγµνTνσ, (5.1)
11
where hµν is the background metric upon which the dual field theory resides, γ
µν is the boundary
metric on the cutoff surface obtained from the well-known ADM decomposition
ds2 = γµν(dx
µ + V µdr)(dxν + V νdr) +N2dr2 . (5.2)
We impose the Dirichlet-type boundary condition on the cutoff surface to fix the induced metric
γµν . In particular, all the unknown functions in the first order correction metric ds
2
(1) and gauge
field A(1) vanish at rc. It’s easy to obtain the induced metric γµν = r
2
cηµν , where ηµν is flat
spacetime metric. Using (5.1) the expectation value of the first order stress tensor of the dual fluid
τµν is
τµν = r
2
cTµν . (5.3)
Tµν is the boundary stress tensor which is defined through [41–43]
Tµν ≡ −2√−γ
δScl
δγµν
= 2 (Kµν −Kγµν −Cγµν) . (5.4)
The extrinsic curvature is Kµν = −12(∇µnν +∇νnµ) and nµ is the normal vector of the constant
hypersurface r = rc pointing toward the r increasing direction. Note that the third term in (5.4),
Cγµν , is needed to cancel the divergence of the boundary stress tensor when the cutoff rc is taken
to infinity. Although the constant C can be fixed by certain regularity conditions in the asymptotic
boundary case, for instance, C = 3 in asymptotic AdS5 case, it remains to be a free parameter on
the cutoff surface. We shall keep its presence throughout the paper. Actually, it only changes the
fluid pressure and energy density by a constant and doesn’t affect any transport coefficients. In
the ref.[33], it’s taken to be the same value as the asymptotic case.
The stress tensor of dual fluid on cutoff surface can be explicitly expressed from (4.11) by using
(5.4)
τ (0)vv = 2
(
C − 3
√
f (rc)
)
r4c ,
τ
(0)
ii =
−4M + 2
(
3− C
√
f (rc)
)
r4c√
f (rc)
,
τ (1)vv = −2∂iβir3c + 2
√
f (rc)r
5
ch
′ (rc) , (5.5)
τ
(1)
vi = −
Q∂iQ
f (rc) r3c
+
∂iM
f (rc) rc
− ∂vβir3c −
√
f (rc)j
′
i (rc) rc,
τ
(1)
ij = 2
(
2δij∂kβk − ∂(iβj)
)
r3c + 2δij
∂kβk
(
2M − 3r4c
)
3f (rc) rc
−
√
f (rc)r
5
cα
′
ij (rc) ,
−2δij
(
2
3
√
f (rc)r
5
ch
′ (rc) +
1
2
√
f (rc)rck
′ (rc)
)
.
12
The consistent current of the dual fluid is defined as
J˜µ = r4c
1√−γ
δScl
δA˜µ
= −r4c
N
g2
(F˜ rµ +
4κcs
3
ǫrµρστ A˜ρF˜στ ) , (5.6)
where A˜µ is the gauge field projected to boundary. Note the second term comes from the variation
of Chern-Simons term in the action and appears to be gauge non-covariant, but from the dual fluid
point of view, it’s allowed due to the presence of anomaly. It leads to a cutoff dependent correction
in the chiral magnetic coefficient. Explicitly, the components of dual current are given by
J˜ν(1) =
√
f (rc)r
3
ca
′
v (rc)
g2
, (5.7)
J˜ i(1) = −
2
√
3Qji (r+)
gr4+
−
√
3Q∂vβi
gr+
√
f (rc)
−
√
3Q∂iM
gr+r4cf (rc)
3/2
−
√
3∂iQ
(−Q2 + r6cf (rc))
gr+r6cf (rc)
3/2
− κcs
4Q2
(
r4+ − 3r4c
)
r4+r
4
cf (rc)
ǫijk∂jβk, (5.8)
where jx(r+)/r
4
+ is a little complicated, and it has been listed in the (C15) in appendix C.
VI. THERMODYNAMICS AND TRANSPORT COEFFICIENTS
Now let’s solve the bulk equations WI = 0 and WIJ = 0 by imposing some suitable conditions
and study the thermodynamics and transport properties of the dual fluid on cutoff surface. We
can start by integrating out equation Wrr = 0 to obtain h(r) and solve av(r) from Wr = 0 and
k(r) from Wvv = 0,
h(r) = Ch2 +
Ch1
r4
av(r) = Ca2 +
Ca1
r2
− 2Ch1gQ√
3r6
√
f (rc)
(6.1)
k(r) = Ck2 + Ck1r
2 − 2Ch2r
4
f (rc)
+
4Ch1
(−Q2 +Mr2)
3r6f (rc)
+
2Ca1Q√
3gr2
√
f (rc)
+
2r3∂iβi
3
√
f (rc)
.
Then we impose the regularity condition at the future horizon and αij(rc) = 0 to obtain αij(r)
from (A8)
αij(r) = α(r)
{
(∂iβj + ∂jβi)− 2
3
δij∂kβ
k
}
. (6.2)
where α(r) is
α(r) =
∫ r
rc
s3 − r3+
−s5f(s)ds. (6.3)
Note that Ck1 should vanish for the solution of (A6) being consistent with (6.2), which can be
checked by inserting h(r), av(r) and αii(r) into (A6). Next, we can fix Ch1, Ch2, Ck2, Ca1 and
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Ca2 by requiring h(rc) = 0, av(rc) = 0, k(rc) = 0 and another two conditions from imposing
Landau frame Jv(1) = 0 and τ
(1)
vv = 0, see Appendix B. The equations involving ji(r) and ai(r) are
coupled to each other. The detailed solving procedure is given in the Appendix C. The integration
constant for ai(r) is fixed by imposing ai(rc)=0. The solution of ji(r) contains two constants Cj1
and Cj2, which can be fixed by τ
(1)
vx = 0 (Landau frame condition) and ji(rc) = 0. The results are
summarized as follows
Ch1 = − ∂iβir
3
c
4
√
f (rc)
, Ch2 =
∂iβi
4
√
f (rc)rc
, Ck1 = 0,
Ca1 = −
√
3gQ∂iβi
2f (rc) rc
, Ca2 =
gQ∂iβi√
3f (rc) r3c
, Ck2 = −
∂iβi
(−10M + r4c)
6f (rc) 3/2rc
,
Cj1 = 0, Cj2 = ∂vβxr
3
c
(
−1 +
√
f (rc)
)
+
Q∂xQ− ∂xMr2c
r3c
√
f (rc)
. (6.4)
Therefore, the non-zero components of boundary fluid energy stress tensor are
τ (0)vv = 2
(
C − 3
√
f (rc)
)
r4c , τ
(0)
ii =
−4M + 2
(
3− C
√
f (rc)
)
r4c√
f (rc)
,
τ
(1)
ij = −2r3+σij , (6.5)
which can be further rewritten in a covariant form
τµν = ρ u
µuν + pPµν − 2ησµν − ζθPµν, (6.6)
where the energy density ρ, pressure p, shear viscosity η and bulk viscosity ζ are
ρ = 2
(
C − 3
√
f (rc)
)
r4c , p =
−4M + 2
(
3− C
√
f (rc)
)
r4c√
f (rc)
, η = r3+, ζ = 0. (6.7)
Note that although the bulk viscosity is vanishing in this case, the dual fluid on the cutoff surface
is still not conformal, which is consistent with the result in [33].
The chemical potential is defined as
µ = Av(rc)−Av(r+) . (6.8)
Following the discussion in [8], we can find that its first order expression is
µ =
√
3gQ√
f (rc)
(
1
r2+
− 1
rc2
)
, (6.9)
which keeps the same expression but here M , Q and r+ are not constants. The entropy density s
of dual fluid can be computed through
s =
(
∂p
∂T
)
µ
= 4πr3+. (6.10)
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which is consistent with the entropy density of the black brane solution in (3.6). It is convenient
to check this equation if we express p in the functions of r+ and Q. The shear viscosity to entropy
ratio is universally 1/4π. Furthermore, the familiar thermodynamic relation still holds on arbitrary
cutoff surface
ρ+ p− sT = nµ , (6.11)
where T is the temperature of the dual fluid related to the Hawking temperature of the black brane
solution by T = T+√
f(rc)
and n is particle number density defined in (6.12). Thus we can conclude
that the thermodynamical properties of the dual charged fluid are universal on the cutoff surface.
The zeroth and first order charged current of the dual fluid are
J˜µ(0) =
2
√
3Q
g
uµ =: nuµ , (6.12)
J˜µ(1) = −κPµν∂ν(
µ
T
) + σEE
µ + σ˜BB
µ + ξωµ, (6.13)
where n is particle number density and
Eµ = F˜µνuν , B
µ =
1
2
ǫµνρσuν F˜ρσ, ω
µ =
1
2
ǫµνρσuν∂ρuσ . (6.14)
Here F˜µν is defined at the cutoff surface r = rc through A˜µ = g
√
3Q
r2c
√
f(rc)
uµ, electric and magnetic
fields are given by
Ei =
√
3gQ∂iM
4Mr2c
√
f (rc)
−
√
3g∂iQ
r2c
√
f (rc)
, Bi = −1
2
ǫijk
(
2
√
3gQ∂jβk
r2c
√
f (rc)
)
, ωi = −1
2
ǫijk∂jβk . (6.15)
The transport coefficients are found to be
κ =
16π2r7+T
3
+
g2r10c
√
f (rc)f ′(rc)2
, σE =
16π2r7+T
2
+
g2r10c f
′ (rc)
2 ,
σ˜B = −
8Q
(
3r2c − 2r2+
)
κcs√
3gr2+r
2
c
√
f (rc)
+
24
√
3Q3
(
r2c − r2+
)
2κcs
gr4+r
9
c
√
f (rc)f ′ (rc)
,
ξ = −24Q
2
(
r2c − r2+
)
2κcs
r4+r
4
cf (rc)
+
96Q4
(
r2c − r2+
)
3κcs
r6+r
11
c f (rc) f
′ (rc)
. (6.16)
In the large rc limit, they can be expanded in the power series of rc
κ =
π2r7+T
3
+
4g2M2
+
3π2Q2r7+T
3
+
8g2M3r2c
+O(r−4c ) ,
σE =
π2r7+T
2
+
4g2M2
+
3π2Q2r7+T
2
+
8g2M3r2c
+O(r−4c ) ,
σ˜B = −
√
3Q
(
2M + 3r4+
)
κcs
gMr2+
+
Q
(
28M2 − 36Mr4+ + 27r8+
)
κcs
4
√
3gM2r2c
+O(r−4c ) ,
ξ = −12Q
2κcs
M
+
6Q2
(
4M2 + 3r8+
)
κcs
2M2r2+r
2
c
+O(r−4c ). (6.17)
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It’s easy to see that these transport coefficients recover the previous results of boundary fluid
[8, 11], if the cutoff is taken to be infinity.
In addition, the thermal conductivity and electrical conductivity happen to satisfy the
Wiedermann-Franz law at arbitrary cutoff surface [8, 14]
κ = σET. (6.18)
It is illuminating to rewrite the chiral magnetic conductivity σB and the chiral vortical conduc-
tivity ξ in terms of thermodynamic quantities
σ˜B = c
(
µ− 1
2
nµ2
ρ+ p
)
− c gQ
r2c
√
3f(rc)
, (6.19)
ξ = c
(
µ2 − 2
3
nµ3
ρ+ p
)
, (6.20)
where the anomaly coefficient c = −8κcs/g2. In the asymptotic boundary, we can recover the result
in [11, 17]. Now, let’s analyze the origin of the second term in (6.19). Note that, the dual charged
current in (5.6) actually can be decomposed into two parts, the gauge covariant current Jµ and
the correction gauge dependent current δJ˜µ coming from the variation of Chern-Simons term
Jµ ≡ J˜µ − δJ˜µ = −r4c
N
g2
F˜ rµ, (6.21)
δJ˜µ ≡ −r4c
N
g2
4κcs
3
ǫrµρστ A˜ρF˜στ =
c
6
ǫµρστ A˜ρF˜στ . (6.22)
And at the finite cutoff surface, the general conservation equations could be obtained from the
Gauss-Codazzi relations of Einstein equations (4.1) and constraint relations of the Maxwell equa-
tions in (4.2). In our case, the constraint equations at the cutoff surface turns out to be
∂µτ
µν = F˜ νµJµ = F˜
νµ
(
J˜µ − c
6
ǫµρστ A˜ρF˜στ
)
, (6.23)
∂µJ
µ = cEµBµ, ∂µJ˜
µ =
c
3
EµBµ, (6.24)
which gives the anomalous Ward identities for the stress tensor and current [35]. At the zeroth
order, it could be check that they reduce to
∂µτ
µν
(0) = F˜
νµJ (0)µ , ∂µJ
µ
(0) = 0, (6.25)
which are just the constraint equations in (4.9).
As δJ˜µ in (6.22) only contributes to the chiral magnetic term in the current, and after some
calculation, we find that the chiral magnetic conductivity σB can be divided into two parts,
σB ≡ c
(
µ− 1
2
nµ2
ρ+ p
)
, δσ˜B ≡ − c gQ
r2c
√
3f(rc)
, (6.26)
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where σB is contribution from the gauge covariant current J
µ, and δσ˜B is contribute from the
current δJ˜µ. The coefficient σB is consistent with the relation in [11] because there the current
is gauge covariant. δσ˜B come from the gauge dependent corrections, a similar situation for the
boundary fluid where the correction arises from a constant background field has been discussed
in [17]. We can also conclude that our result from holographic calculation is consistent with the
result from the the equilibrium partition functions in [35].
VII. CONCLUSION AND DISCUSSION
In this paper, we generalize the dual charged fluid on the infinite boundary case to the finite
cutoff surface case via the gravity/fluid correspondence. Like the same procedure as the infinite
boundary case, we first lift the parameters of the boosted RN black brane in the Einstein-Maxwell
gravity with Chern-Simons term to functions of finite cutoff boundary coordinates, then solve
for the corresponding correction terms and obtain the first order perturbative gravitational and
Maxwell solutions, based on which we calculate the stress tensor and current for the dual fluid
by using the Fluid/Gravity correspondence. The stress tensor and charged current on the finite
cutoff surface depend on undetermined parameters which are related to the boundary and gauge
conditions. We explicitly express the dependence of the dual stress tensor and charged current on
these parameters. Different choices of these parameters could correspond different dual physics
on the finite cutoff surface. In particular, we use the Dirichlet boundary condition, regularity at
the future horizon and choose Landau frame to fix these parameters. Eventually, we work out the
explicit dependence of transport coefficients in the dual stress tensor and charged current on the
radial cutoff rc.
We find that the hypersurface fluid is non-conformal but has vanishing bulk viscosity. The
parity-preserving sector, i.e. shear viscosity and thermodynamic relation, remains the same as
boundary fluid. Other transport coefficients of the dual current are found to be cutoff dependent.
It is interesting to pursue whether the dependence of transport coefficients of dual fluid on the
cutoff surface rc obtained here could be identified with the RG flow of these coefficients.
Another interesting observation is that the chiral vortical conductivity remain the same relation
with the thermodynamic quantities as the boundary fluid, but there appears a discrepancy in the
chiral magnetic conductivity. This discrepancy can be traced back to the appearance of a gauge
non-covariant term δJ˜ in the definition of the consistent current. δJ˜ corresponds to the Bardeen-
Zumino polynomial in the quantum field theory with anomalies. In the presence of a background
17
gauge field A˜, it gives rise to a correction in the chiral magnetic conductivity. At the asymptotic
AdS boundary, the background gauge field goes to zero, so does the correction term. If one
adopts the covariant current, this discrepancy would disappear entirely. This distinction should
be recognized as a general feature of the quantum field theory with anomalies and does not have
anything to do with the AdS/CFT duality , Holography RG flow, cutoff surface etc.
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Appendix A: The tensor components of Wµν and Sµν
The tensor components of Wµν = (effect from correction)− Sµν are
Wvv = −8r
2f(r)h(r)
f (rc)
+
2
(
2Q2 − 2Mr2 − r6) f(r)h′(r)
r3f (rc)
− 4Qf(r)a
′
v(r)√
3gr
√
f (rc)
(A1)
+
f(r)k′(r)
2r
− 1
2
f(r)k′′(r)− S(1)vv ,
Wvi = −
√
3Qf(r)a′x(r)
gr
√
f (rc)
+
3f(r)j′x(r)
2r
− 1
2
f(r)j′′x(r)− S(1)vi (r) , (A2)
Wvr =
4Qa′v(r)√
3gr3
+
8h(r)√
f (rc)
+
2
(−2Q2 + 2Mr2 + r6)h′(r)
r5
√
f (rc)
−
√
f (rc)k
′(r)
2r3
+
√
f (rc)k
′′(r)
2r2
− S(1)vr (A3)
Wri =
√
3Qa′i(r)
gr3
− 3
√
f (rc)j
′
i(r)
2r3
+
√
f (rc)j
′′
i (r)
2r2
− S(1)ri (A4)
Wrr =
5h′(r)
r
+ h′′(r)− S(1)rr (A5)
Wii = 8r
2h(r) +
(
5Q2 − 14Mr2 + 11r6)h′(r)
3r3
+
1
3
r4f(r)h′′(r) +
f (rc) k
′(r)
r
−2Q
√
f (rc)a
′
v(r)√
3gr
+
(
Q2 + 2Mr2 − 5r6)α′ii(r)
2r3
− 1
2
r4f(r)α′′ii(r)− S(1)ii (A6)
Wij =
(
Q2 + 2Mr2 − 5r6)α′ij(r)
2r3
− 1
2
r4f(r)α′′ij(r)− S(1)ij , (i 6= j) (A7)
Wij − 1
3
δij
(∑
k
Wkk
)
=
(
Q2 + 2Mr2 − 5r6)α′ij(r)
2r3
− 1
2
r4f(r)α′′ij(r)− S(1)ij (A8)
where the first order source terms are
S(1)vv (r) = −
3∂vM
r3
√
f (rc)
+
3Q∂vQ
r5
√
f (rc)
−
(−2Q2 + 2Mr2 + r6)∂iβi
r5
√
f (rc)
(A9)
S
(1)
vi (r) = −
Q
(
3Q2 + 2Mr2 + 3r6
)
∂iQ
2r5r6cf (rc)
3/2
+
(
3Q2 + 2Mr2 + 3r6
)
∂iM
2r5r4cf (rc)
3/2
+
∂iM
r3
√
f (rc)
+
(
3Q2 + 2Mr2 + 3r6
)
∂vβi
2r5
√
f (rc)
(A10)
S(1)vr (r) =
∂iβi
r
(A11)
S
(1)
ri (r) = −
3∂vβi
2r
+
3Q∂iQ
2rr6cf (rc)
− 3∂iM
2rr4cf (rc)
(A12)
S(1)rr (r) = 0, (A13)
S
(1)
ij (r) =
(
δij∂kβk + 3∂(iβj)
)
r
√
f(rc). (A14)
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Appendix B: The explicit expression of τ
(1)
vv , τ
(1)
vx and Jv(1)
τ (1)vv = −
4∂iβirc
(
C − 3√f (rc))
3
√
f (rc)
+ Ck1
(
−2C + 9
√
f (rc)
)
+
Ck2
(
−2C + 9√f (rc))
r2c
+
2Ch1
(
2C
(
Q2 + r6c (−1 + f (rc))
)− 3√f (rc) (3Q2 + r6c (−3 + 4f (rc))))
3r8cf (rc)
(B1)
+
2Ch2r
2
c
(
2C + 3 (−3 + f (rc))
√
f (rc)
)
f (rc)
+
2Ca1Q
(
−2C + 9
√
f (rc)
)
√
3gr4c
√
f (rc)
τ (1)vx =
Cj2√
f (rc)
+ 2Cj1 r
4
c
(
−C + 3
√
f (rc)
)
f (rc)
+
−Q∂xQ+ r2c
(
∂xM − ∂vβxr4c
(
−
√
f (rc) + f (rc)
))
r3cf (rc)
(B2)
Jv(1) =
2Q∂iβi√
3grc
√
f (rc)
+
√
3Ck1Q
gr2c
+
√
3Ck2Q
gr4c
+
2Ch1Q
(−2Q2 + 2Mr2c + 3r6cf (rc))√
3gr10c f (rc)
−2
√
3Ch2Q (1 + f (rc))
gf (rc)
− 2Ca1
(−Q2 + r6cf (rc))
g2r6c
√
f (rc)
. (B3)
Appendix C: The exact form of ji(r) and ai(r)
For the ai(r) and ji(r), we can solve them from equations Wi = 0 and Wri = 0. However,
these equations are more difficult to solve since ai(r) and ji(r) are coupled to each other. These
equations Wi = 0 and Wri = 0 explicitly are(
r3f(r)a′i(r) +
2
√
3gQ
r4
√
f(rc)ji(r)
)′
= rS
(1)
i (r) , (C1)
√
3Qa′i(r)
gr3
− 3
√
f (rc)j
′
i(r)
2r3
+
√
f (rc)j
′′
i (r)
2r2
= S
(1)
ri (r) . (C2)
Since we just consider the first order case, we ignore the up indexes (1) in S
(1)
ri (r) and S
(1)
i (r) for
the convenience in the following.
Integrating eq. (C1) from the horizon r+ to r, we get
r3f(r)a′i(r) + 2
√
3gQ
(
ji(r)
r4
− ji (r+)
r4+
)
=
∫ r
r+
ds s Si(s), (C3)
and imposing the boundary condition that ai(r) vanish at cutoff surface
ai(r) =
∫ r
rc
dw
1
w3f(w)
(∫ w
r+
ds s Si(s)− 2
√
3gQ(
ji(w)
w4
− ji(r+)
r4+
)
)
. (C4)
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After some algebra, eq. (C2) is reduced to
ji
′′(r)− 3
r
j′i(r)−
12Q2
r8f(r)
ji(r) = ζi(r), (C5)
where
ζi(r) = − 12Q
2
r4f(r)
ji (r+)
r4+
+
2r2√
f(rc)
Sri(r)− 2
√
3Q
gr4f(r)
√
f(rc)
∫ r
r+
ds s Si(s). (C6)
And then we can write out a particular solution to (C5)
jP (r) = b1(r)jH1(r) + b2(r)jH2(r), (C7)
where
b1(r) = −
∫ rc
r
dx
jH2(s)ζi(s)
s3
, (C8)
b2(r) = r
3∂vβi +
∫ rc
r
ds
(
jH1(s)ζi(s)
s3
+ 3s2∂vβi
)
. (C9)
and
jH1(r) = r
4f(r), (C10)
jH2(r) = r
4f(r)
∫ rc
r
ds
s5f(s)2
. (C11)
are two linearly independent homogeneous solutions of (C5). Here, the 3s2∂vβi term is added to
cancel the divergence of the integral. With the above formulas, the general solution to (C5) can
be represent as
ji(r) = jP (r) + Cj1 jH1(r) + Cj2 jH2(r). (C12)
In summary,
ji(r) = −r4f(r)
∫ rc
r
ds sf(s)ζi(s)
∫ rc
s
dw
w5f(w)2
+ r4f(r)
(∫ rc
r
ds
s5f(s)2
)
(
r3∂vβi +
∫ rc
r
ds
(
sf(s)ζi(s) + 3s
2∂vβi
) )
+ Cj1jH1(r) + Cj2jH2(r). (C13)
To obtain ji(r+), we take r → r+ limit to (C13) and get
ji (r+)
r4+
=
r3c∂vβi +
∫ rc
r+
ds sf(s)ζi(s) + Cj2
r5+f
′(r+)
(C14)
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Noth that, ζi(r+) also contains ji(r+), thus (C14) is in fact the equation related to ji(r+). After
solving the above equation, we can obtain ji(r+)
jx (r+)
r4+
=
Cj2
r5cf
′ (rc)
+
∂xM
(−Q2 (r3+ − 3r2+rc + 2r3c)+ r2+r2c (r4+rc − r+r4c + 6M (−r+ + rc)))
r3+r
12
c f (rc)
3/2f ′ (rc)
+
∂vβx
(
−Q2 (r3+ − 3r2+rc + 2r3c)+ r2+r2c (6M (−r+ + rc) + r+rc (r3+ + r3c (−1 +√f (rc)))))
r3+r
8
c
√
f (rc)f ′ (rc)
Q∂xQ
(
Q2
(−r3+ + r3c)− r2c (−2M (5r3+ − 6r2+rc + r3c)+ rc (r6+ + r3+r3c − 3r2+r4c + r6c)))
r3+r
14
c f (rc)
3/2f ′ (rc)
−κcs
(
4
√
3gQ3 (∂zβy − ∂yβz)
(
r6+ − 3r2+r4c + 2r6c
)
r6+r
11
c f (rc) f
′ (rc)
)
(C15)
In addition, there is a useful equation
j′i(rc) = −
r2c∂vβi
f(rc)
+ Cj1(r
4f(r))′|r=rc −
Cj2
rcf(rc)
. (C16)
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